Abstract. We present a new wavefunction which describes the ion-atom problem above the ionization threshold. This is an approximate solution of the Schrödinger equation for the threebody Coulomb problem that can be expressed in terms of a confluent hypergeometric function of two variables. The proposed wavefunction includes correlation among the motions of the three particles and verifies the correct Coulombic asymptotic behaviours.
The importance of the problem of three charged particles in the continuum in many areas of physics is well known. However, it acquires major relevance in atomic physics. These states arise as a result of ionizing processes, such as ion-or electron-atom collisions or double photoionization of atomic species. Also it is fundamental in the description of some diatomic molecular ions (H + 2 , HeH + , etc); two-electron atoms and ions (H − , He, etc) (Lin 1995) or more exotic three-body aggregates such as muonic molecules or antiprotonic helium. The general solution of the wave equations governing these system is not known. Furthermore, even in the simplest cases only approximate analytical wavefunctions have been found. From a theoretical point of view, the treatment of the general case of the three-body Coulomb continuum is precluded by the different masses involved. It has been useful to classify these problems according to the mass relations of the particles. The most significant cases occur when one particle is heavier than the other ones (for example, H − ), and vice versa, when two particles are heavier than the third one (H + 2 ) (Bates and Reid 1968) . The first step in the theoretical description of these states consisted in neglecting some of the Coulombic potential of the interacting particles.
In the case of ion-atom collisions, the simplest approximation that includes the longrange behaviour of the Coulomb potential, assumes that the ionized electron completely screens the target potential (Bethe 1930) . Hence, the final wavefunction is a product of a plane wave describing the free relative motion of the target-projectile system and a two-body Coulomb wavefunction for the electron-target interaction. There are many distorted-wave theories that incorporate projectile-electron interaction in the final state. The continuum distorted-wave (Crothers and McCann 1983) and impulse approximations (Miraglia and Macek 1991) include the electron-target and the electron-projectile interactions in the final channel and the projectile-target interaction is introduced as an asymptotic phase factor. The Coulombic projectile-target interaction is included on an equal footing in the multiple scattering approximation (MS) Miraglia 1980, Berakdar et al 1992) .
When dealing with final states of electron-atom ionizing collisions, the electron-electron interaction has usually been treated approximately giving wavefunctions as a product of the two two-body electron-nucleus Coulomb wavefunctions (Peterkop 1977) , but including the repulsive e − -e − potential as a dynamical screening through momenta-dependent charges (Rudge and Seaton 1965, Rudge 1968) . The three Coulomb interactions have been taken into account on an equal footing, giving a wavefunction represented by a product of three two-body Coulomb functions Miraglia 1980, Brauner et al 1989) . This work has been extended to include effective charges which are dependent on momenta (Berakdar and Briggs 1994) in a similar way to that proposed by Peterkop (1977) . Effective charges dependent on the spatial positions of the particles were recently proposed by Berakdar (1996) . These works also included the Wannier configuration.
Any approximate wavefunction for three charged particles in the continuum should verify the correct asymptotic conditions which represent the long-range behaviour of the Coulomb potential. This corresponds to the asymptotic solution of the wave equation when all particles are far from each other and can be represented as eikonal phases (Rosenberg 1973) . Recently, Alt and Mukhamedzhanov (1993) have found a solution which includes space-dependent relative momenta and verifies the correct behaviour even when two particles are close and far from the third one up to order 1/d 2 , where d symbolizes the coordinates of the far particle.
These approximations are built upon the assumption that any pair of charged particles interact independently of the third one, and then the complete wavefunction is a product of the two-body ones, both in e − -atom and ion-atom collisions. In some of these theories, the correlation is introduced as effective charges or coordinate-dependent momenta, but only as a modification of the uncoupled approximations. It is clear that a better description of the final states of ionization processes is needed and some investigation should be carried out in order to solve the wave equations in a more accurate way.
The main result we present in this work is a entirely new wavefunction that can be obtained as an approximate solution of the Schrödinger equation for three charged particles. We show that under some commonly used physical approximations, these solutions can be written in terms of hypergeometric functions of two variables (Appell and Kampé de Feriet 1926) .
We will focus our attention on the problem of three charged particles with masses m i and charges Z i {i = 1, 2, 3}, respectively. The dynamics of the particles is governed by the three-body Schrödinger equation with Coulombic interactions. We remove the kinetic energy of this continuum state by 
where
We choose to write equation (2) in the parabolic coordinates {ξ i , η i } introduced by Klar (1990) . These coordinates allow a natural expression of Coulombic asymptotic conditions for the three-body wavefunction, because the variables {ξ i } ({η i }) represent outgoing (incoming) waves in the limit of all particles being far from each other. The Schrödinger equation acquires a symmetric aspect written in terms of this set (Klar 1990) :
We note that D 0 contains one-variable derivatives and the mixed derivatives are all included in D 1 . The D 1 term contains the well known non-orthogonal kinetic energy of distorted-wave theories (Crothers and McCann 1983) .
Equation (3) is a six-variable elliptical partial differential equation with a nondenumerable infinite number of solutions. An approximate solution can be found when considering D 1 = 0. In this case the remaining equation D 0 = 0 is totally separable and a solution with pure outgoing behaviour can be written as a product of three independent two-body Coulomb wavefunctions:
with F l (ξ l ) = 1 F 1 (iα nm , 1, −ik nm ξ l ) and α nm = Z m Z n /k mn . These solutions, commonly known as C3 wavefunctions, are correct only when all particles are far from each other, since in this limit (Berakdar 1996) . Many improvements to these wavefunctions have been developed, though they consist in modifications of the parameters involved (Berakdar and Briggs 1994) . The function C3 is physically acceptable in the asymptotic region but not when particles are near to each other (the condensation point). There, correlation between each two-body motion and the third particle must be included. This means that we should look for other decompositions of the operator D, other than that given by equation (3). This can be done in infinite different ways. Therefore, instead of proposing a decomposition of the operator and then looking for solutions, we will assume a definite ansatz for the wavefunction and then derive the proper decomposition for D. Our aim is to correctly include some terms of D 1 that have always been considered as a small perturbation. We should point out that there are different masses included in D 0 and D 1 which introduce a particular asymmetry that results in an important problem at the moment for proposing solutions in a general case (Klar 1990) .
In this paper we assume m 1 , m 2 m 3 , that is to say, we deal with continuum states from an ionization process of atomic systems by heavy particles, where the particle labelled m 3 represents the electron. We make the following ansatz for the wavefunction:
which introduces a coupling between the motions of the light particle relative to the two heavy ions. This ansatz is guided by the physical basis, i.e. in the description of the dynamics of the heavy particles, the influence of the light one can be neglected (Crothers and McCann 1983) . For the present mass choice the terms of D 1 which contain the heavy masses m 1 and m 2 can be neglected. In this way the function χ(ξ 3 , η 3 ) for the heavy pair is simply a two-body Coulomb wavefunction. We will look for solutions of equation (3) which verify outgoing asymptotic conditions. The common way to satisfy these requirements is to assume that the wavefunction depends only on the outgoing variables {ξ i }:
where the wavefunction for the heavy particles reduces to the outgoing two-body Coulomb wavefunction χ(ξ 3 ) = F 3 (ξ 3 ). With these approximations we can write
and D 1 contains the remaining terms. We will consider D 1 = 0 and try to solve the equation
with the ansatz given by (6). This enables us to write the equation for ϕ (ξ 1 , ξ 2 ) as a system of two coupled second-order partial differential equations:
The solution to this system is the well known two-variable confluent hypergeometric function (Appell and Kampé de Feriet 1926, Erdelyi 1939) :
Thus, a new approximate analytical solution of equation (3) for one electron and two heavy ions can be given in terms of confluent hypergeometric functions as
When all particles are far from each other, the limit of 1 when the variables go to infinity leads to the correct Coulomb asymptotic conditions predicted by Redmond (Rosenberg 1973) , because the leading order of ϕ(ξ 1 , ξ 2 ) in this case is the product of two eikonal phases (Erdelyi 1940) . As usual (McDowell and Coleman 1970), we take the normalization constant N in such a way that we have unit outgoing flux, obtaining
An interesting result can be obtained using a series expansion of ϕ(ξ 1 , ξ 2 ) in terms of the coordinates (Burchnall and Chaundy 1941) :
with
It can be seen from (13) that C3 is given by the first term of this series expansion (m = 0), but with a slightly different normalization constant. Even though (11) is an approximate solution of (3), we see that it is possible to find solutions that couple the variables. This can be considered as a first step to solving the Schrödinger equation in a closed form through the use of generalized multiple variables functions. Of course, a complete coupling of the six variables {ξ i , η i } should be expected in a general solution. However, research in this direction is made more difficult by the scarce available mathematical information about multiple variables hypergeometric functions.
Numerical examples show that 1 has a two-centre symmetry in the inner region, i.e. when the distances between the three particles are comparable, meanwhile the C3 keeps the asymptotic hyperbolic symmetry even in the condensation region. In figures 1 and 2 we compare the reduced densities defined as These represent the probability distributions of the electron for a determined value of the inter-ionic distance and relative momenta such that ξ 3 has a fixed value. For the densities represented in the figures we take r 12 = 6 au, k 23 = k 13 = 1 au and k 12 = 1.41 au. Both distributions are similar for large ξ 1 and ξ 2 , indicating correct asymptotic behaviour for the new wavefunction. For small values of ξ 1 and ξ 2 we observe that the dependence of n in one of those parabolic variables is strongly correlated to the values of the other one. Such correlation is not present in n c3 . We note that for given relative momentum the geodesics for parabolic coordinates (ξ 1 = constant or ξ 2 = constant) are hyperbolae in the configuration space. Therefore, the interpretation of these figures in terms of the relative position of the particles is not straightforward. In summary, we have obtained a new approximate solution of the Schrödinger equation for three charged particles within the conditions that two of them are heavier than the other one, but extensions to other mass relations can be performed (Macri et al 1997) . The function obtained here can be considered as a good alternative to the functions previously used in the calculation of transition matrices and DDCS. For example, these functions can replace the C3 function in continuum distorted-wave (Stolterfoht et al 1997) and multiple scattering approaches (Garibotti and Miraglia 1980 ). Since we have included exactly some non-orthogonal terms of the Hamiltonian, the solution couples relevant interactions in each case, but still treating them on an equal footing. This is a remarkable improvement over the simple product of three two-body wavefunctions of previous models. The correlation between the motions of the particles of this new function includes a true two-centre effect (Stolterfoht et al 1997) . Finally, it has correct Coulomb asymptotic conditions but requires different normalization factors.
However, in the case of an ion-atom final state, a suitable change in the normalization factor N should be seriously considered to avoid an exponential decrease in the cross section when the projectile charge is large or the impact energy is small. Such modifications have been successfully used for the C3 function in a multiple scattering approximation in e − -atom ionization processes (Berakdar and Briggs 1994) , but to the best of our knowledge, the application of this method in ion-atom collision has not yet been investigated. A possible alternative to circumvent this problem is to use an impact parameter approximation, where the hypergeometric function of the heavy pair of particles is replaced by an eikonal phase in 1 . Further research is being carried out in order to obtain analytical transition matrices in some physically based approximation.
